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Abstract

Hilbert space generalize Euclidean spaces, incorporating the concepts of inner

products, norms, and orthogonality. Hilbert spaces are complete, meaning that every

Cauchy sequence converges within the space, ensuring stability in mathematical

formulations. This paper explores the Euclidean space, Sequence space, Function space,

sobolev space, Hardy space and Riesz Representation theorem, Projection theorem,

Bessel's inequality, Parseval's identity, spectral theorem and applications of Hilbert

spaces in modern mathematics and quantum mechanics.
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Introduction

Hilbert space is a fundamental concept in functional analysis and quantum

mechanics. It generalizes the notion of Euclidean space to infinite-dimensional vector

spaces with an inner product, making it an essential tool in mathematical physics and

operator theory. Hilbert spaces are infinite-dimensional generalizations of Euclidean

spaces that provide a rigorous mathematical framework for many areas of science and

engineering. They play a crucial role in functional analysis and are widely used in

quantum mechanics, signal processing, and data science.

Definition and Properties

A Hilbert space is a complete inner product space, meaning it is a vector space equipped

with an inner product that allows measuring angles and lengths, and it is complete with

respect to the norm induced by this inner product.

Key properties of Hilbert space:

1. It is a vector space over the field of real or complex numbers.

2. It has an inner product that defines the geometry of the space.

3. It is complete, meaning every Cauchy sequence converges within the space.
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4. It allows the concept of orthonormal bases and expansions.

Examples of Hilbert Spaces

1. Euclidean space ℝⁿ with the standard dot product.

2. Sequence space l², the space of square-summable sequences.

3. Function space L², the space of square-integrable functions.

Examples of Hilbert Space

Introduction

Hilbert spaces are complete inner product spaces that generalize Euclidean spaces

to infinite dimensions. They play a crucial role in functional analysis, quantum mechanics,

signal processing, and many other fields. Below are some important examples of Hilbert

spaces.

1. Euclidean Space (ℝⁿ)

The finite-dimensional Euclidean space ℝⁿ with the standard dot product is the

simplest example of a Hilbert space.

Inner Product: For x, y ∈ ℝⁿ, the inner product is given by:

⟨x, y⟩ = x₁y₁ + x₂y₂ + ... + xₙyₙ.
2. Sequence Space (l²)

The space l² consists of all infinite sequences of complex or real numbers whose

squared sum is finite.

Definition: A sequence (x₁, x₂, x₃, ...) belongs to l² if:

∑ |xₙ|² < ∞.

The inner product in l² is given by:

⟨x, y⟩ = ∑ xₙy̅ₙ.
3. Function Space (L² Space)

The space L² consists of square-integrable functions defined over a domain, usually

an interval or a region.

Definition: A function f(x) belongs to L² if:

∫ |f(x)|² dx < ∞.

The inner product in L² is given by:

⟨f, g⟩ = ∫ f(x)g̅(x) dx.
4. Fourier Series Hilbert Space
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The space of square-integrable periodic functions can be viewed as a Hilbert space

using the Fourier basis.

Inner Product: Given two functions f and g, their inner product is:

⟨f, g⟩ = ∫ f(x)g̅(x) dx over a period.
5. Sobolev Space (H¹)

The Sobolev space H¹ consists of functions whose derivatives are also square-

integrable.

Definition: A function f(x) is in H¹ if both f and its derivative f' belong to L².

∫ |f(x)|² dx + ∫ |f'(x)|² dx < ∞.

6. Euclidean Space (ℝⁿ or ℂⁿ)

The finite-dimensional space ℝⁿ (or ℂⁿ) with the standard dot product:

⟨x, y⟩ = ∑ xᵢ ȳᵢ

Since it is finite-dimensional and every normed space of finite dimension is complete,

it is a Hilbert space.

7. Sequence Space (ℓ²)

The space of square-summable sequences:

ℓ² = { (xₙ)ₙ | ∑ |xₙ|² < ∞ }

With the inner product:

⟨x, y⟩ = ∑ xₙ ȳₙ

It is infinite-dimensional and complete, making it a Hilbert space.

8. Hardy Space (H²)

Consists of holomorphic functions f on the unit disk � such that:

sup₀≤r<1 ∫ |f(reⁱθ)|² dθ< ∞

It has a natural inner product given by:

⟨f, g⟩ = ∑ aₙ ȳₙ, where f(z) = ∑ aₙ zⁿ and g(z) = ∑ bₙ zⁿ.

Hardy spaces are important in complex analysis and signal processing.

Theorems on Hilbert Space
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physics. Several important theorems provide insights into its structure and

applications.

1. Riesz Representation Theorem

The Riesz Representation Theorem states that every bounded linear functional on

a Hilbert space can be represented uniquely as an inner product with a fixed vector in

the space.

Statement: If H is a Hilbert space and φ is a bounded linear functional on H, then

there exists a unique vector g ∈ H such that:

φ(f) = (f, g) for all f in H.

2. Projection Theorem

The Projection Theorem states that every vector in a Hilbert space can be

uniquely decomposed into a component belonging to a closed subspace and another

component orthogonal to it.

Statement: Let M be a closed subspace of a Hilbert space H. For every x ∈ H, there

exists a unique y ∈ M such that:

x = y + z, where z is orthogonal to M.

3. Bessel’s Inequality

Bessel’s Inequality provides an upper bound for the sum of squared coefficients in

an orthonormal expansion of a vector in a Hilbert space.

Statement: Let {eₙ} be an orthonormal sequence in a Hilbert space H, and let x ∈ H.

Then:

∑ |(x, eₙ)|² ≤ ||x||².

4. Parseval’s Identity

Parseval’s Identity states that if a vector can be expressed in terms of an

orthonormal basis, then the sum of the squared coefficients equals the squared norm

of the vector.

Statement: If {eₙ} is an orthonormal basis for a Hilbert space H and x ∈ H, then:

∑ |’(x, eₙ)|² = ||x||².

5. Spectral Theorem for Compact Self-Adjoint Operators
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The Spectral Theorem states that a compact self-adjoint operator on a Hilbert

space has an orthonormal basis of eigenvectors, and its eigenvalues form a

convergent sequence.

Statement: Let T be a compact self-adjoint operator on a Hilbert space H. Then there

exists an orthonormal basis {eₙ} of H consisting of eigenvectors of T, with

corresponding real eigenvalues {λₙ} such that:

Tx = ∑ λₙ⟨x, eₙ⟩ eₙ for all x ∈ H.
Applications of Hilbert Space

Hilbert spaces are widely used in various fields, including:

Application of Hilbert Space in Quantum Mechanics

Quantum States in Hilbert Space

In quantum mechanics, the state of a system is represented by a state vector |ψ⟩ in a

Hilbert space. The space is equipped with an inner product that allows the calculation of

probabilities and expectation values of observables.

Operators and Observables

Physical observables such as energy, momentum, and position are represented as linear

operators in Hilbert space. These operators act on state vectors and have eigenvalues that

correspond to possible measurement outcomes.

Superposition and Basis Vectors

A key feature of Hilbert space is the principle of superposition. Any quantum state can be

expressed as a linear combination of basis vectors. This property is crucial in explaining

quantum interference and entanglement.

Measurement and Probability

The inner product structure of Hilbert space allows for the calculation of measurement

probabilities using the Born rule. The probability of measuring a quantum state in a

particular basis state is given by the squared magnitude of the inner product.

Signal Processing: Fourier series and transforms are formulated in Hilbert spaces.

Machine Learning: Reproducing Kernel Hilbert Spaces (RKHS) are used in support

vector machines.
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Functional Analysis: Many areas of mathematical physics and partial differential

equations rely on Hilbert space techniques.

Signal Processing: Hilbert spaces play a key role in Fourier analysis, which is essential

in signal processing. Techniques like the Fourier transform and wavelet transform are

used for data compression (e.g., MP3, JPEG) and filtering.

Machine Learning and Data Science: In machine learning, Reproducing Kernel Hilbert

Spaces (RKHS) are used in Support Vector Machines (SVM) to analyze high-

dimensional data. Feature spaces in data science rely on Hilbert spaces for classification

and regression tasks.

Differential Equations and PDEs: Hilbert spaces provide a natural setting for solving

partial differential equations (PDEs). Sobolev spaces, which are special Hilbert spaces,

are used to study solutions to boundary value problems in mathematical physics.

Control Theory and Optimization: In control theory, Hilbert spaces are used in optimal

control problems such as the Linear Quadratic Regulator (LQR). They also provide a

framework for solving variational problems in applied mathematics and engineering.

Conclusion

Hilbert space is a powerful mathematical structure with wide-ranging applications.

Its completeness and inner product properties make it essential in physics, engineering,

and mathematics, particularly in areas where infinite-dimensional spaces play a role.

Hilbert space is a powerful mathematical structure with wide-ranging applications. Its

completeness and inner product properties make it essential in physics, engineering, and

mathematics, particularly in areas where infinite-dimensional spaces play a role.Hilbert

spaces have wide-ranging applications in various fields, including physics, engineering,

and data science. Their mathematical structure enables rigorous analysis of infinite-

dimensional problems, making them indispensable in modern scientific research.
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