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Abstract

This paper contains Basic concepts of topology, types of topologies, some
important theorems .Also it has explained Algebraic topology, Differential topology,
Geometric topology, Box topology, product topology, order topology and proved
Urysohn's lemma, Tietze Extension theorem, Tychonoff's theorem, Brouwer Fixed point
theorem, Intermediate value theorem. Further applications of topologies in science and

Engineering are included in this paper.

Key words: D*- closed unit disk in R?. R" - n-dimensional Real vector space. Urysohn's

lemma, Tychonoff's theorem.

Introduction

Topology is a fundamental branch of mathematics that examines the properties of
space which remain unchanged under continuous deformations, such as stretching and
bending, but not tearing or gluing. It has applications in a variety of fields, including
physics, computer science, and engineering. Certainly the subject includes the algebraic,
general, geometric, and set-theoretic facets of topology as well as areas of interactions
between topology and other mathematical disciplines, e.g. topological algebra,
topological dynamics, functional analysis, category theory. Since the roles of various
aspects of topology continue to change, the non-specific delineation of topics serves to

reflect the current state of research in topology.
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Types of Topologies

Topology is broadly classified into:

General (Point-Set) Topology: This area of topology examines open and closed
sets, as well as concepts such as continuity, compactness, and connectedness.
Algebraic Topology: This branch utilizes algebraic methods such as homotopy and
homology to study topological spaces.
Differential Topology: This field focuses on differentiable manifolds and smooth
functions. Geometric Topology: This area emphasizes the study of low-dimensional
manifolds and knot theory

Basic Concepts

Topological Space: A set equipped with a topology, which is a collection of open
sets that meet certain axioms.

Open and Closed Sets: These are fundamental concepts used to define continuity
within a topological space.

Basis and Subbasis: These are collections of sets from which a topology can be
generated.

Continuous Functions: Functions that maintain the topological structure of spaces.

Homeomorphisms: Continuous functions that have continuous inverses,
indicating that two spaces are topologically equivalent.

Important Theorems
General Topology (Point-Set Topology)

Urysohn's Lemma — In a normal space, for any two disjoint closed sets, there
exists a continuous function that maps the space to the interval [0, 1] and separates these

sets.
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Tietze Extension Theorem — A continuous function defined on a closed subset of a
normal space can be extended to the entire space.

Heine-Borel Theorem — A subset of R"s compact if and only if it is both closed and
bounded.

Baire Category Theorem — A complete metric space is of the second category; it cannot
be expressed as a countable union of nowhere-dense sets.

Tychonoff's Theorem — The product of any collection of compact spaces is compact in
the product topology.

Bolzano-Weierstrass Theorem— A sequence in {R"} has a convergent subsequence if and
only if it is bounded.

Algebraic Topology

Brouwer Fixed-Point Theorem — Any continuous function that maps a closed ball
in {R"} to itself must have at least one fixed point.
Jordan Curve Theorem — A simple closed curve in R? divides the plane into two distinct
regions: an "inside" and an "outside."
Borsuk-Ulam Theorem — Any continuous function that maps an n-dimensional sphere to
{R"} will map at least one pair of antipodal points to the same point.
Seifert-van Kampen Theorem — This theorem determines the fundamental group of a
space based on the fundamental groups of two overlapping subspaces.
Hurewicz Theorem — This theorem establishes a relationship between homotopy groups
and homology groups in simply connected spaces.

Differential Topology

Sard's Theorem: The set of critical values of a smooth function has measure zero.
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Whitney Embedding Theorem: Any smooth n-dimensional manifold can be embedded in
R

Hairy Ball Theorem: There is no non-vanishing continuous tangent vector field on an
even-dimensional sphere.

Geometric Topology

Classification Theorem for Compact Surfaces — Any compact connected surface
is homeomorphic to a sphere, a connected sum of tori, or a connected sum of projective
planes.

Poincaré¢ Conjecture (Perelman’s Theorem) — Every simply connected, compact, 3-
dimensional manifold is homeomorphic to the 3-sphere.

Theorems on Order Topology
Compactness in Order Topology: A totally ordered space with the order topology

is compact if and only if it has both a least and a greatest element and is order-bounded.
Connectedness in Order Topology: A totally ordered space with the order topology is
connected if and only if it is a convex set. Monotone Convergence Theorem in Order
Topology: If a sequence is monotonic and bounded in an ordered space, it converges in
the order topology. First- Countability in Order Topology: If the order has no dense
subsets, the order topology may not be first-countable. The Sorgenfrey Line (Lower
Limit Topology) is Not Second-Countable: The lower limit topology on the real numbers,
which is a special case of an order topology, is not second-countable. Strictly Increasing
Functions are Continuous: Any strictly increasing function between two totally ordered

sets with their order topologies is continuous.
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Theorems on Metric Topology, Box Topology, and Product Topology

Metric Topology

Heine-Borel Theorem: A subset of a metric space is compact if and only if it is
both closed and bounded. Bolzano-Weierstrass Theorem: In a metric space, every
bounded sequence has a convergent subsequence. Baire Category Theorem: A complete
metric space cannot be expressed as a countable union of nowhere-dense sets. Arzela-
Ascoli Theorem: A sequence of continuous functions converges uniformly if it is
equicontinuous and pointwise bounded.

Lebesgue’s Number Lemma: In a compact metric space, every open cover has a
Lebesgue number (8) such that every subset with a diameter less than () is contained in
some element of the cover. Uniform Limit Theorem: The uniform limit of a sequence of
continuous functions is also continuous.

Box Topology

Box Topology is Not Compact in Infinite Products — The box topology on an
infinite product of compact spaces is not necessarily compact.

Box Topology is Strictly Finer than Product Topology — Every set that is open in
the product topology is also open in the box topology; however, the reverse is not true.
Sequences in Box Topology Rarely Converge — A sequence in an infinite product space
with the box topology converges if and only if each individual coordinate sequence is
eventually constant. Tychonoff’s Theorem Fails for Box Topology — Unlike the product

topology, the box topology does not necessarily preserve compactness in infinite products.
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Continuity in the Box Topology — A function is considered continuous in the box
topology if and only if each coordinate function is continuous.

Product Topology

Tychonoff’s Theorem: The product of any collection of compact spaces is

compact in the product topology. Universal Property of Product Topology: A function
defined on a product space is continuous if and only if each of its coordinate functions is
continuous.
Projection Maps are Continuous: The canonical projection maps from a product space to
its individual factors are always continuous. Product of Connected Spaces is Connected:
The product of connected topological spaces is also connected. Product of Path-
Connected Spaces is Path-Connected: The product of two path-connected spaces is also
path-connected. Product of Locally Compact Spaces is Locally Compact: If each factor
space is locally compact, then their finite product is also locally compact.

Brouwer Fixed Point Theorem (for the unit disk in D?)
Statement:

Every continuous function f: D> — D? (where D? is the closed unit disk in R?) has
at least one fixed point. That is, there exists some x € D? such that f(x) = x.
Proof:
Suppose, for contradiction, that there exists a continuous function f: D> — D? with no
fixed point.

Define a retraction r: D> — S! (the boundary circle of D?) by drawing a radial line from
f(x) through x and projecting onto S'.

This provides a retraction of D? onto S', which contradicts the fact that the disk D? is
contractible (homotopy equivalent to a point) and cannot retract onto its boundary.

Hence, such an f must have a fixed point.
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Urysohn’s Lemma

Statement:
Let X be a normal topological space and let A, B be two disjoint closed subsets of

X. Then there exists a continuous function f: X — [0,1] such that f(A) = {0} and f(B) =
{1}

Proof:

Since X is normal, for each n EN, we construct a sequence of open sets Un containing A
and closed sets Vn containing B such that:
AcU,cV.clU,cV,C-CEB”c

Define f(x) =sup { 1 - k/n | x €Uk }, ensuring f(x) transitions smoothly from 0 (on A) to
1 (on B).
The function f is continuous due to the construction and satisfies the required conditions.
Tychonoff’s Theorem
Statement:

The product of any collection of compact topological spaces is compact in the
product topology.
Proof:

Let {Xa} be a collection of compact spaces, and consider the product space X =
[I Xo with the product topology.By Alexander’s Subbasis Theorem, compactness
follows if every open cover using basis elements o '(U) (where U is open in Xa) has a
finite subcover.Using the finite intersection property and the compactness of each Xa,
one shows that an arbitrary cover has a finite subcover, proving compactness.

Tietze Extension Theorem
Statement:

Let X be a normal topological space, and let f: A — R be a continuous function
defined on a closed subset AS X. Then there exists a continuous extension F: X — R

such that F|A =f.
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Proof:

Define stepwise extensions Fn such that they approximate f while maintaining
continuity. Use Urysohn’s Lemma to construct continuous partitions of unity that modify
f gradually while preserving continuity. Define F(x) = lim (n — o) Fn(x), ensuring that F
is continuous and extends f.

Intermediate Value Theorem (IVT)
Statement:
If f: [a,b] — R is continuous and f(a) < ¢ < f(b), then there exists some x € (a,b)
such that f(x) =c.
Proof:
Define S= { x€ [a, b] | f(x) <c }.
Since S is nonempty and bounded, let xo = sup S.
Show that f(x() = ¢ using the definition of continuity, proving the theorem.
Applications of Topology

Physics: Applied in quantum mechanics, relativity, and string theory. Computer
Science: Foundations for data structures, networking, and machine learning. Biology:
Helps model protein folding and DNA structure. Robotics and Al: Involves path
planning and motion optimization. Economics: Utilized in game theory and market
equilibrium analysis.

Conclusion

Topology is a powerful mathematical tool with applications in various fields. As
research progresses, it continues to influence modern science and technology.
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